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Argon Thermometer. 


Temperature. 

0 C. 

Pressure. 

mm. 

Volume. 

K 

100-1 

1414-9 

1-0026 

3-8095 

o-o 

1040-0 

1-0000 

3-8022 

-182-7 

353-2 

0-9953 

3-8930 


No correction has been made for the unheated or uncooled stem of 
the thermometer ; but it is obvious that although the lowest tempera¬ 
ture lies close to the boiling point of argon, the ratio of the values of 
PV/T of hydrogen and argon at that temperature, as well as the 
others, is practically constant. 

On some Expressions for the Radial and Axial Components of 
the Magnetic Force in the Interior of Solenoids of Circular 
Cross-section.” By C. Coleridge Farr, B.Sc., formerly Angas 
Scholar, University of Adelaide. Communicated by Professor 
H. Lamb, F.R.S. Received June 7,—Read June 16, 1898. 

In the present paper, certain expressions are arrived at, in terms of 
zonal spherical harmonics and their first derivatives, by which the 
values of the two components of the magnetic force may be calculated 
for any point in the interior of a coil, and hence the total force may be 
found both in magnitude and direction. The resulting series suffer 
from the well-known defect in the spherical harmonic method, in that 
they are not very rapidly converging for points near the boundary 
of the space for which they apply. A table of the values of the 
first derivatives of the first seven zonal harmonics is added. This 
table, in conjunction with that calculated by Messrs. Holland, Jones, 
and Lamb, and published in the 4 Philosophical Magazine/ Series 5, 
December, 1891, will facilitate the numerical use of the expressions 
arrived at. 

Let ticla be the magnetic potential at any point within a solenoid 
whose depth of winding da is^ indefinitely small. If a be the radius 
of this “ solenoidal sheet,” and the axis of be the axis of the coil, 
the axis of x being along a radius of the circular section of the coil, 
and the origin at the centre of the equatorial section of the coil, we 
have, neglecting the insulating covering of the wire, 



where X = the radial component of the magnetic force, 

Z = the axial component, 

S = radius of the outside winding of the coil of finite dimen¬ 
sions, 

T = radius of the inside winding. 
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Now £lda = nyda [ - Pkz + Vj V 2 ]* . (1), 

where n — the number of turns per unit length per unit increase in 
radius , 

y — current in C.G-.S. units, 

Y 1 = potential at the point considered due to a plane area of 
surface density unity, coinciding with the positive end of 
the coil, 

V 2 = potential due to the negative end. 

If r and r' be the distance of the point considered from the centres 
of the positive and negative ends of the coil respectively, and P n and 
the nth. zonal harmonics corresponding to the angles 0 and c/> which 
r and r f make respectively with the axis of the coil, we have 


V ~ 9tt ( -rP + a + - 1^ +1 _ \rP) •_ 

VI ' J [ 5 U + «+ < p= i ( O (2j,-l)2 ®(p!)z 

when r < a , and 

v i = ' (2p - 1) 2 2 p (p !)' 2 ftp- 1 )’ 

when r > a , with similar expressions for V 2 in terms of r f and Q. 
The following relations are true:— 


(1) 

d_ l\_ 

dx r ,<,+ 1 

1 ^ p 

dO ’ 

(2) 

8-1* 

q 

1! 

‘ > *~ 1 de f ’"' ’ 

(3) 

d_K = 

dz r lr + 1 


(4) 

d 

r crpo- _ 

dz 

-0T»- 1 P,_j4 


When Q and r r are substituted for P and r, the forms of (1) and (2) 
remain unaltered; whilst (3) and (4) become respectively 


dz r t<r+1 




(6) Jj-Srq a = 

* Maxwell’s { Electricity and Magnetism,’ Second Edition, vol. 2 , § 676, eq. 12. 
f Ibid., eqs. 14 and 15 . 

Ht Tlielformulse ( 3 ) and ( 4 ) may be generalised as follows:— 

di Per Qt + v) ! Pcr + i 
dzi r <?+1 < t ! 5 

- = (-1 )i -Xi- rO-iV a -i. 

azi {a—i) I 
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These relations may all be proved (as was done originally by the 
author) by induction, using the well known relation 

I ) 2 or 1 a T) cr 1 r x 

Per = -COS 0 P ^-1 -Pa-2. 

or cr 

Assuming them to be true for Pa—i and Pa— 2 , they may then be shown 
to be true for P^; and trial establishes the equality in the case of P 2 
and P x . Professor T. E. Lyle has, however, given me a much shorter 
and neater proof by means of the relations 


where, as usual, — 


(a) (1 - pF) PV = o r P a ._ 1 - orpP^, 

(f) ~i~ 1 ) Pa- 4 -l ( 2 cr 1 ) pP q- -p crPg. — 1 = 0 , 

(c) /xF (r = crPa-q-Fa-j, 

(d) P'o-+l ” P cr~l — (f‘ (T + 1) Pcr> 

dPa « l - 


dp, ‘ 


p, = cos 


0 


if l denote the half-length of the coil. Since 




r = V (l - zf + a 

^J 



we have 

dr 

dz 

dr 

S' = 

N/T 

-p 2 , 



dp. 

- (i - r) dp 

-p 

/lz 

Z. 


dz ~ 

r ’ dx 


r 


A single 

example is 

sufficient. Taking 

the 

case 

of equation (3) we 

have 

i. A 

dz r cx+i 






: = f4aK°' +1 )/ iP o' 

-(i 



= by (a) and (b). 


Case I. 

Expressions for the components of the magnetic force in that region 
of a long coil for which r and r' are both greater than S. 

1 ciai/s ofoa. 
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It will be found that 


(*) X 


2 7ryn 


v = 


»/ _ ! v , (2j>)l(S^-T»») 

i ^ ' (2p +1) (2^ - 1) 2 2 n(p ! )' 2 


1 — i 

"W" 


1 ^Q- 2 P-i \ 

F 2 ^ dd } j j 


(/I) Z = 2 tt 7 ?i 2 (S - T) 


+2 U<- 


-i \« (2p )! (S 2y+1 - T^ >+1 ) /Pgp 

; (2j?+l)2^(2?!) 2 V r 2j 


Q7J- 

r 2 ^ 


i, Q?/p-i ' 
F 2 ^ 


Since n(S -- T) = the number of turns per unit of length, = N (say), 
the defect of Z from 4 - 7 rN 7 depends on the importance of the terms' 
under the sign 2 . For the region near the equatorial plane of an 
infinitely long solenoid these terms become vanishingly small. 

The series under the sign 2 are convergent, though not very rapidly 
so if S is nearly as large as r or F. 


Case II. 

Expressions for the region near one end of a long solenoid where 
r < T and F > S. 

In this case 


(y) X = 2iryn 


r r dP,. T 

2 cie oge s 


+F y-if 


(2p + 2 )! 


1 _ 1_ 

S 2 p T%> 


2 p( 2 p+l) 2 2 P+ 2 {(p+l)! } 
>m 


- r ap+i^E±i 
clO 


, = «, _ 1V , +1 - T 2im ) J_ 

]>=r > (2p + 1)(2p - l)2 2 ^(p ! ) 2 r' 2 P <J4 


(f) Z = 2-Tryn S - T + rP x log*. 


S 




1 

+ 2 T (- i)p +1 _.-Vl!_IV 

* ,= l (2/,)2-V(/-!) ! 

, / = V up (MJ (V! + V T VV Qaa 

1 V -= i V ' ' (2/> + 1)2 2 v(p !)* J 


From (S) it is easy to deduce the fact that in the plane of one end 
of an infinitely long solenoid the axial component is constant and equal 
to 2 irNy, i.c., half its value for the equatorial region of the same coil. 


Q 
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Case III 


Short solenoid: expressions for the components in the region in 
which t and r are both less than T. 

Here 


<«) X 


(2 P )! 


T'# ) 


2iryn, [V ~ ( - 1 )P __ HEL _/ r 2p+i ( ^XP±1 _ r '2p+l d ^mi) 

( 'L 2> = t ' 2 p . 2' 2 P +r . p ! (p+ 1) ! \ dO d<f> /_ 

(0 Z = 2 rryn 


■ S 
2 1 logv T 


p=» ( 2 P) * ( gap 

+ %_ 1 (- ir 1 . 

It is easily deduced from (£) that the value of Z at the centre of a 
circular coil consisting of a few turns all having approximately the same 
radius T, is 27ryK/T, where K is the total number of turns. 

Case IE 

Expression for the magnetic force in that region of a solenoid in 
which S > r > T and r f > S. 


If 

we have 


_T 

r 


e < 1 ; 


= P < h 


X , glog.p + ,-C ir v ( ^! - fe TTb %* 


(2p) ! (1 - e»P+1) dP 2P _ x 

-1) (2p - 1) 2 2 ^ (p! ) 2 fW 

2p)! (S^ h - T 2 J ,+1 ) 1 . 


P = CO 

+ r ^p = E~ l ' P ( 2 > + 1 ) (2p - 1 ) 2 2 ^! ) 2 dO 


p = QO 

+ 1/ , ( " 
p = 1 


z 


(2f + 1) (2p - l)2 2 ^(p ! ) 2 r'~P df 
2 rry 71 S -f r - 2T - rP ;i log* p 

^ ^ = 0 ; (2p)2 3 *(p !)2 r 2jm 

, } ,v" = *y i \p JM1 ( 1 ~ 1 P 

+ = , ( “ 1 ) ( 2 /+ 1) 2 2 » (p ! ) 2 

. = “ / , * (-V)!(S- -' T V ') Q^- 

+ % = i ' ' (2jp + 1) 2 2 k (p ! f r'tP . 
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The cases for which 

r < T and S > r > T, 
and S > r > T and S > r' > T, 

respectively, do not need separate investigation. The results, though 
long and cumbrous, can easily be written down from the foregoing. 

The accompanying tables were originally calculated by means of the 
formulae: 


0, 

do 


d7, 

7 n 

dP, 

dd 


- sin 0, 


dP 9 , . 

W " '»-* 


dPg _ 

dd ~ 

rfP 4 = 

dO 

= 

dd 


- 6 sin 0 + sin 3 d, 


• 5 sin 20 + 4- sin 2 0 sin 20, 


15 sin 0 + sin 3 0 - —1— sin 3 0, 


dP R 


dd 

dP 7 

dd 


« = - -V sin 26> + if- sin 2 0 sin 20 - 441 sin* 0 sin 20, 


28 sin 0 + 189 sin 3 0-±p- sin 3 9 + 2°°i> sin? 0. 


The results were finally checked by means of the relation 


dP, l+1 

dd 


^=l-(2«+l)P B sin 0, 


using for this purpose the table of P M calculated by Messrs. Holland, 
Jones, and Lamb, and published by Professor Perry in the ‘ Phil. Mag./ 
vol. 32,1891. This is not a complete check on the fourth figure in my 
tables, but no disagreement larger than O'OQOI has been passed over 
without examination, and that only in the higher values of dPJdO. It 
is therefore hoped that the tables may be found accurate as a whole, 
though it is perhaps scarcely to be expected but that some errors have 
escaped detection. 

With the aid of Perry’s tables and those now given the magnetic 
force at any point inside a coil may be found numerically by means of 
the formulae in the body of the paper. For points outside the coil a 
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slight alteration of the expressions for Z is necessary; those for X 
remain the same. 

It has been thought sufficient for numerical application to give 
dP 7 /dO to three places of decimals. The establishment of the fourth 
place, would involve a considerable amount of extra labour. Though 
dV.jdO, dPJdd, and. dPJdO are not used in the present work, they have 
been calculated in order to complete the table as far as it goes. 



Numerical Values of the Derivatives of the First Seven Zonal Harmonics, at Intervals of One Degree. 
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Numerical Values of the Derivatives of the First Seven Zonal Harmonics, at Intervals of One Degree— continued. 
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